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Chapter 1 Free-Response Practice Test

Directions: This practice test features free-response questions based on the content in Chapter 1:

Limits and Continuity.

1.1: Defining a Limit

1.2: Evaluating Limits Analytically

1.3: Squeeze Theorem and Trigonometric Limits
1.4: Continuity

1.5: Formal Definition of a Limit

1.6: Limits with Infinity

For each question, show your work. If you encounter difficulties with a question, then move on

and return to it later. Follow these guidelines:

* Do not use a calculator of any kind. All of these problems are designed to contain simple

numbers.
¢ Adhere to the time limit of 90 minutes.

» After you complete all the questions, score yourself according to the Solutions document.

Note any topics that require revision.

Visit valscalc.com to access a free online calculus textbook and additional multiple-choice and

free-response practice exams.
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Limits and Continuity

Number of Questions—20

Suggested Time—1 hour 30 minutes

NO CALCULATOR

Scoring Chart

Section Points Earned Points Available
Rapid Limits 20

Short Questions 35

Question 18 15

Question 19 15

Question 20 15

TOTAL 100
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Rapid Limits

Evaluate the limit if it exists.

2
X—yo0 X

2. lirr% Vx34x2-8
X—
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1
5. i 2 pts.
timeos (5 (2 pts)
5—5cosx
. lim—— 2 pts.
6. lim 0% (2 pts)
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) e*
7. XEEIOW (2 ptS)
8. 5in20 (2 pts.)

9—1>Iylrl/2 9—9cos20
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9. Ilim 3x—9
" x53sin(2x—6)

Ay — 7 —
10. fim Y273
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Short Questions

2
11. If lim f(x) =6and lim g(x) =8, then find lim [g(x) — f(x)] and lim f) + : (5 pts.)
x—=2 x—=2 x——2 x—=2 3g(x)
. o 6 —2x
12. What type of discontinuity, if any, does f(x) = -2 have atx =3 ? (5 pts.)
—X
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13. Determine the interval of continuity of g(x) = (5 pts.)

B 2% —5x+3

14. Find all the asymptotes of the rational function f(x) = — 6 (5 pts.)
X +x—
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15. If lim f(x) =4and lim f(x) =7, then evaluate lim f(9 —x?) if it exists. (5 pts.)
x—0~ x—0t x—3+
: 1 3
16. Show that lim |6+ —xcos | — | | =6. (5 pts.)
x—0 2 X
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17. Construct a proof for lim In(x —35) = —eo. (5 pts.)

x—5F
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Long Questions

x? —4x+3
—1
at the point (2,—1). Note that f(—1) = —4 and f(3) = 4.

18. Let f(x) =x>—3x>+x+1and g(x) = . The graphs of both functions intersect

(a) Does the graph of y = g(x) contain a removable discontinuity? If so, then find the

discontinuity’s coordinates.

(b) Justify why f must have at least one zero on (—1,3).

(c) Find lirri f(g(x)) and lirr(l) g(f(x)). Show the work that leads to your answers.
X— X—
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(d) Let & be a function that satisfies g(x) < h(x) < f(x) for all x > —1. Show that i(x) is (4 pts.)

continuous at x = 2.
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19. The population of cows on a farm is modeled by the continuous function N(z) for ¢t > 0,
where ¢ is measured in years. It is known that N(0) = 2000 and N(3) = 2500.

(a) Interpret the meaning of }Lm N(t) = 2700 in context.

(b) Justify why there exists a value ¢ in (0,3) for which N(c) = 2200.

(c) Around 7 = 5, amid a shortage of resources, it is observed that N(r) = 1> — 4r +2100.

N(t)—N(5)

. Find this rate of
t—5

At that time, the population grows at a rate given by ling
r—

change.

©ValsCalc (valscalc.com), CC BY-NC 4.0.



http://valscalc.com

Chapter 1 | Free-Response Practice Test

(d) Fort # 7, the growth rate of the cow population is modeled by (6 pts.)

12 —10r +21 1
r(t) = + sin . Find, and interpret in context, the value of lim r(¢)
3—1t =17 1—7

using the Squeeze Theorem.
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20. Let f be a piecewise function defined by

2+sin<zx> x<1
fx) = 2
px+gq I <x<2.

It is known that f(2) =4 and f is continuous at 1.

(a) Find lim f(x) and lim f(x). (2 pts.)
x—0 x—1-
(b) What are the values of p and ¢ ? (3 pts.)
(c) Using the values of p and ¢ from part (b), prove that lirrll (px+q) = p + q using the (5 pts.)
x—

Epsilon-Delta definition of a limit.
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(d) Ttis known that lim f(x) =eo, lim f(x) = —eo, and lim f(x) = 6. Sketch a possible

x—4- x—4+ X—>o0

graph of y = f(x).

|

fols)

|

(@)

|

N

|

)

Q

)

o

(@)

o0 =4
v
=

©ValsCalc (valscalc.com), CC BY-NC 4.0.


http://valscalc.com

Chapter 1 | Free-Response Practice Test

This marks the end of the test. The solutions and scoring rubric begin on the next page.
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Rapid Limits (2 points each)

1. As x — oo, the denominator increases, decreasing the fraction’s value. Thus,

1im3—@

b6

2. By Direct Substitution,

lim v/33+ 22— 8 = V3P + (3728
x—

4. This limit is in the indeterminate form 0 Factoring the rational expression and canceling a common
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factor, we see

5. Asx—>2,cos(

6. We have

i 8% 22 . 2x(4 —x)
xodxt —16x2  x—4x2(x+4)(x—4)
I 2x(4—x)
= lim
x—4 —x2(x+4)(4—x)

I 2x
= 11m -———-—-
x—4 —x2(x+4)

_ 24
= apaee

1

16

2) oscillates continually and never settles to a final value. Thus,

1
lim cos < > | does not exist
x—=2 x—2

l_mS—Scosx_l 5(1 —cosx)
00 10x x50 10x
1. 1—cosx
= —lim
x—0 X
1
=—(0
2(0)

©ValsCalc (valscalc.com), CC BY-NC 4.0.

* %

* %

* %


http://valscalc.com

Chapter 1 | Free-Response Practice Test

7. Dividing the numerator and denominator each by ¢* shows

er . 1

lim ——— = lim
x—o0 4e¥ 4 @2X  x—oe0 44 ¥

[0

8. Using trigonometric identities (the double-angle identity for sine and the Pythagorean identity) shows

lim sin260 im 2sin6Ocos O
0—1/29—9c0s20  p—m/29(1 —cos20)

2sin@cos O
= lm ———
8—n/2 9sin” 0

2cos 0
= lim }
6—m/2 9sin O

T
2cos | —
Osin | —
sin 5
9. We write
3x—9 . 3(2x—6)

lim— = = =
3 sin(2x—6)  x=3sin(2x—6)
Welett =2x—6. Asx — 3, ¢t — 0. So the limit becomes
3
2t 3y 1

lim —=— = 5lim
1—0sint 210 (sint)/t

(1)

3

2

\S1|o8)

10. Multiplying the numerator and denominator each by the conjugate of the radical expression—that is,

©ValsCalc (valscalc.com), CC BY-NC 4.0.



http://valscalc.com

Chapter 1 | Free-Response Practice Test

Vdx — T4 3—gives

lim\/4)6—7—3 \/4x—7+3_1. (4x—7)—9

oo 8—2xr  AAR—T43  rod(8—20) (VA7 3)

lim 4x—16
=1
=4 (8 —2x)(V4x—T+3)

4
— lim x—4]

x—4 —ZM(\/m—l—:%)

4
= lim

x4 =2(\/4x—T+3)

4

T 2(VA-T+3)
1

=73
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Short Questions (5 points each)

11. By Limit Laws,

In addition,

- fx)+2 B xl_lglz[f(x) +2]

-2 3g(x) 3 lim g(x)
x—=2

642
38

1
3

12. Factoring the function shows

In addition,

. . 2 1
lim f(x) = lim >—5 =3

Because the limit exists as x — 3, it follows that at x = 3, f has a

‘ removable discontinuity ‘

13. Any combination of a radical function and a polynomial is continuous on its domain. The numerator is

defined when the argument of the square root is nonnegative—that is,

8—x>20 = x<8.
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In addition, the denominator must be nonzero. The denominator is 0 when
207 —8x =0
2x(x+2)(x—2)=0
= x=-2,0,2.

The interval of continuity contains all x < 8 with x # —2,0,2—namely,

(—o0,—2)U(—=2,0)U(0,2)U(2,8]

14. The function f has vertical asymptotes when the denominator is 0 and the numerator is nonzero. Solving,

we see
X Hx—6=0
(x+3)(x—2)=0
— x=-3,2.
The numerator is nonzero at both values, so x = —3 and x = 2 are both vertical asymptotes. In addition,

2x2

Jim )= i 5 =2,
2 2
lim f(x)= lim = =2.
X—r—00 X——o0 X

Hence, the asymptotes are as follows:

horizontal asymptotes:
vertical asymptotes: | x = =3 |[x =2
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15. Lett=9—x> Asx—3",t—0" (meaning t =9 —x° only takes on values less than 0 as x — 37). Thus,
lim £(9—x%) = lim f(r)

x—3t t—0~

=[4]

16. The range of cosine is [—1, 1], so

Because — |x| < x < |x|, we have

1 1 3
6—§|X| <6+§XCOS (;) <6+—|X| .

Note that

Thus, by the Squeeze Theorem, it also follows that

1 3
1' — — =
Lim {64— 5% oS (x)} @

17. For every M < 0, there must exist a number 6 > 0 such that
In(x—5)<M if O0<x—-5<6.

From the first inequality, we attain

x—5<ev.

Comparing this result to 0 < x —5 < §, we can choose
s§=6e".
Thus, with § = ¢¥, it follows that for 0 < x—5 < §,

In(x—5)<M if O<x—5<é,
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proving that lim In(x —5) = —eo.
x—5+
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Long Questions (15 points each)

18. (a) Factoring the function g shows

g(x)z%/ﬁ:x—& x£1.

There is therefore a removable discontinuity at x = 1. The y-coordinate of this discontinuity is

lim g(x) = lim(x —3) = —2.

x—1 x—1

Hence, the removable discontinuity is located at

(17—2)

(b) Because f is a polynomial, it is continuous on R, including on [—1,3]. Thus, by the Intermediate
Value Theorem, f takes on every value between f(—1) = —4 and f(3) = 4 on [—1,3], which

includes 0. Accordingly, f must have at least one zero on (—1,3).

(c) Note that
limg(x) = lim(x—3) = —2.
x—1

x—1

Because f is continuous,

nmf@unzf(mnam)zf«aw=—m

x—1 x—1

In addition, note that
lim f(x) =1.

x—0

Thus, with = f(x), it follows that t — 1 as x — 0. Accordingly,

lim g(f(x)) = limg(1)

x—0 t—1
-[=2]

(d) For continuity, we must show that

First, we have
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Because g(x) < h(x) < f(x) holds for all x > —1, we must have g(2) < h(2) < f(2) < —1 <
h(2) < —1 and thus
h(2)=—1.

Moreover,

lim f(x) = limg(x) = —1.

x—2 x—2

By the Squeeze Theorem, it also follows that

limh(x) = —1.

x—2

Because

h is continuous at x = 2.

19. (a) The population of cows approaches a limit of 2700 over a very long time.

(b) Because N(t) is continuous on [0, 3], the Intermediate Value Theorem asserts that N takes on every
value between N(0) = 2000 and N(3) = 2500 on [0,3]. Thus, N must take on the value 2200 at least
once in (0,3), so a value c exists in (0,3) such that N(c) = 2200.

(c) Note that N(5) = 2105. We then have

N -N(S)
t—5 t—5 1—5 t—5

=1lim(t+1)

t—5

- [Geoniy]
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(d) The range of sine is [—1, 1], so we have

1
—1 gsin(—) <1
t—17

We also have

2 — 10t +21 <t2—10t+21 - 2 — 10 +21
3—1 = 3—1 3—1 '
Thus,
2—106+21]  2—10t+21 . 1 2 —10r+21
— < sin < .
t—3 3—t¢ t—17 3—t¢
Note that
2 _
tim (_ t 10t+21D im (_ (1 7)@//37‘) o,
t—7 r—3 t—7 (t—37
2_1 o
lim | Ot—}—ZI‘: o (t 7)1;;/37‘:0'
t—7 33—t t—7 —

The Squeeze Theorem also gives
P=10r+21 . (1]
lh_r>r71 —3_; sin (m) =|0 cows/yr

Hence, near t = 7 the cow population becomes stagnant, with the growth rate approaching zero.

20. (a) The limits are
lim f(x) = lim [2+ sin (%)] — 24 sin0 =
x—0 x—0 2
lim f(x) = lim [2+s1n (—xﬂ =2+sin (—) =
x—1- x—1- 2 2

(b) For continuity at 1, we need lirr% f(x) = f(1). The one-sided limits must be equal:
X—

lim f(x) = lim f(x)

x—1- x—1t

3=p+gqg.
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(©

(d)

In addition, since f(2) = 4, substituting x = 2 gives
2p+qg=4.

The solution to the system of equations 3 = p+gqg and 2p+g =4 1is

p=1] [4=2]

We must show that lin} (x+2) = 3. For every number € > 0, there must exist a number 6 > 0 such
X—
that

(x+2)—3|<e if O0<|x—1/<3.

From the first inequality, we have

x—1] <e.

Comparing this inequality to 0 < |x — 1| < 8, we can choose
0=¢.

Then for 0 < |x—1| < 6,
[(x+2)=3|=x—1|<d=¢.

Accordingly,
(x+2)-3|<e if O<[x—1]<e.

This proves that lim (x4 2) = 3.
x—1

The graph of y = f(x) has the following features:

* f(x) =2+sin <gx> forx <1

f(x)=x+2fromx=1tox=2

Horizontal asymptote of y = 6

Vertical asymptote of x =4

li =ooand li = —o0
Jipp ) = emand lin J)
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